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1. INTRODUCTION

I. 1989, Ganster and Reilly [1] introduced and studied the notion of LC-continuous

functions. Recall the concepts of a-open [2] (resp. locally closed [3], semi-open [4],
preopen [5], g-closed [6], rg-closed [7], alc-[8]) sets and strongly a-irresolute [9]
(strongly a-continuous [10] functions in topological spaces. In 1996, Dontchev [11]

introduced a stronger form of LC-continuity called contra-continuity. Recently, con-
tinuity and irresoluteness of functions in topological spaces have been researched
by many mathematicians (See [12, 13]. The aim of this paper is to define and in-
vestigate the notions of new classes of functions, namely strongly alcS-irresolute,
strongly slcS-irresolute, strongly plcB-irresolute, strongly SlcS-irresolute, strongly
aglcB-irresolute, strongly sglcS-irresolute, strongly pglcS-irresolute, strongly BglcS-
irresolute, strongly arglcB-irresolute, strongly srglcS-irresolute, strongly prglcS-
irresolute, strongly BrglcS-irresolute, aflc-irresolute, sfBlc-irresolute, pfBlc-irresolute,
agpPle-irresolute, sgflc-irresolute, pgfBlc-irresolute, argfBlc-irresolute, srgfBlc-irresolute,
prgBlc-irresolute and to obtain some properties of these functions in topological
spaces.
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2. PRELIMINARIES

Throughout this paper, spaces always mean topological spaces and f : X — Y
denotes a single valued function of a space (X, 7) into a space (Y,v). Let S be a
subset of a space (X, 7). The closure and the interior of S are denoted by CI(S) and
Int(S), respectively.

Here we recall the following known definitions and properties.

Definition 2.1. A subset S of a space (X, 7) is said to be a-open [2] (resp. semi-
open [4], preopen [5], B-open [14] or semi-preopen [15]), if S CInt(Cl(Int(S))) (resp.
S C Cl(Int(S)), S C Int(CL(S)), S € Cl(Int(CL(S)))).

Definition 2.2 ([3]). A subset A of a space (X, 7) is called a locally closed (briefly,
LC) set, if A =S N F, where S is open and F is closed.

The family of all a-open (resp. semi-open, preopen, S-open) sets in a space (X, 7)
is denoted by 7 = a(X) (resp. SO(X), PO(X), fO(X) = SPO(X)). It is shown in
[2] that 7 is a topology on X. Moreover, 7 C 7%= PO(X) N SO(X) c SO(X).

Definition 2.3. A subset A of a space (X, 1) is called a:

(i) generalized closed set (briefly, g-closed) [6], if CI(A) C U, whenever A C U and
U is open,

(ii) regular generalized closed set (for short, rg-closed) [7], if C1(A) C U, whenever
A C U and U is regular open.

Remark 2.4 ([16]). Closed — g-closed — rg-closed. In general, none of the impli-
cations is reversible.

Definition 2.5 ([3, 17]). A subset A of a space (X, 1) is called:

(i) an alc-set, if A = S N F, where S is a-open and F is closed,

(ii) an slc-set, if A =S N F, where S is semi-open and F is closed.

(iil) a plc-set, if A = S N F, where S is preopen and F is closed,

(iv) a Ble-set, if A =S NF, where S is S-open and F is closed,
(v) an agle-set, if A =S N F, where S is a-open and F is g-closed,
(vi) an sglc-set, if A =S N F, where S is semi-open and F is g-closed,
(vii) a pgle-set, if A =S N F, where S is preopen and F is g-closed.
(
(
(
(
(

viii) a Bglc-set, if A =S N F, where S is S-open and F is g-closed,

)
i
o
ix) an argle-set, if A =S N F, where S is a-open and F is rg-closed,
an srglc-set, if A = S N F, where S is semi-open and F is rg-closed,
) a prgle-set, if A = S N F, where S is preopen and F is rg-closed,

xii) a Brglc-set, if A =S N F, where S is S-open and F is rg-closed.

"
=

The family of all alc-sets (resp. slc-sets, ple-sets, Sle-sets, agle-sets, sgle-sets,
pgle-sets, [gle-sets, argle-sets, srgle-sets, prgle-sets, frgle-sets) in a space (X, 1)
is denoted by aLC(X ) (resp. SLC(X), PLC(X), SLC(X ), aGLC(X), SGLC(X),
PGLC(X), SGLC(X), aRGLC(X), SRGLC(X), PRGLC(X), SRGLC(X)). Moreover,
a(X) € aL.C(X) C PLC(X) and PO(X) C PLC(X) [17].

Lemma 2.6 ([18]). Let (X, 7) be a topological space. Then we have
(1) aLC(X) C aGLC(X) C aRGLC(X),
(2) PLC(X) C PGLC(X) C PRGLC(X),
2
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(3) SLC(X) C SGLC(X) C SRGLC(X),
(4) BLC(X) C BGLC(X) C BRGLC(X).

Proof. This observes from Definition 2.5. O

Definition 2.7. A topological space (X, 7) is called a T1,2-space [6] (vesp. Tra-space
[19]), if every g-closed (resp. rg-closed) subset of X is closed (resp. g-closed).

Theorem 2.8 ([17]). Let (X, 1) be a Ti/2-space. Then we have
(1) aGLC(X) = aLC(X),
(2) SGLO(X) = SLC(X),
(3) PGLC(X) = PLC(X),
(4) BGLC(X) = BLC(X).

Theorem 2.9 ([17]). Let (X,7) be a Tra-space. Then we have
(1) aRGLC(X) = aGLC(X),
(2) SRGLC(X) = SGLC(X),
(3) PRGLC(X) = PGLC(X),
(4) BRGLC(X) = BGLC(X).

Corollary 2.10 ([20]). Let (X,7) be a T1/2-space and Trq-space. Then we have
(1) aRGLC(X) = aGLC(X) =aLC(X),
(2) SRGLC(X) = SGLC(X) = SLC(X),
(3) PRGLC(X) = PGLC(X) = PLC(X),
(4) BRGLC(X) = BGLC(X) = BLC(X).

Lemma 2.11 ([17]). Let A and B be subsets of a topological space (X, 7). Then we
have

(1) if A € PO(X) and B € aLC(X), then AN B € aLC(A),

(2) if A € PO(X) and B € SLC(X), then AN B € SLC(A),

(3) if A € SO(X) and B € PLC(X), then AN B € PLC(A),

(4) if A€ a(X) and B € BLC(X), then AN B e BLC(A).

Lemma 2.12. Let (X, 7) be a topological space. Then we have
(1) a(X) = PO(X) N aLC(X) [21],
(2) SO(X) = SPO(X) N aLC(X) [3].

Definition 2.13 ([3]). A topological space (X, 7) is called a submazimal space, if
every dense subset of X is open in X.

Definition 2.14 ([2]). A topological space (X,7) is called an extremally discon-
nected space, if the closure of each open subset of X is open in X.

The following theorem follows from the fact that if (X, 7) is a submaximal and
extremally disconnected space, then 7 = 7 = SO(X) = PO(X) = BO(X) (See
22, 23)).

Theorem 2.15 ([17]). Let (X,7) be a submazimal and extremally disconnected
space. Then we have
(1) alc-set <= sle-set <= plc-set <= PBlc-set,
(2) agle-set <= sglc-set <= pglc-set <= Pylc-set,
(3) argle-set < srglc-set <= prglc-set <= fPrglc-set.
3
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3. GENERALIZATIONS OF SOME TYPES STRONG FUNCTIONS

Definition 3.1 ([15]). A function f : (X,7) — (Y,v) is said to be a-precontivous,
if f=1(V) is preopen set in X for every a-open subset V of Y.

Definition 3.2. A function f : (X,7) — (Y,v) is said to be irresolute [24] (resp.
semi ale-continuous [18]), if f=1(V) is semi-open set(resp. alc-set) in X for every
semi-open subset V of Y.

Definition 3.3 ([17]). A function f: (X,7) — (Y,v) is said to be alc-irresolute, if
F71(V) is ale-set in X for every alc-set in V of Y.

Definition 3.4. A function f: (X,7) — (Y,v) is said to be B-irresolute [25] (resp.
strongly Semi B-irresolute [20]), if f=1(V) is S-open set (resp. semi-open) in X for
every [-open subset V of Y.

Definition 3.5. A function f: (X,7) — (Y, v) is said to be strongly alcS-irresolute
(vesp. strongly slcB-irresolute, strongly plcB-irresolute, strongly SlcB-irresolute), if
f~1(V) is B-open set in X for every alc-set (resp. slc-set, ple-set, Blc-set) V of Y.

Definition 3.6. A function f : (X, 7) — (Y, v) is said to be strongly aglc8-irresolute
(resp. strongly sglcB-irresolute, strongly pglcB-irresolute, strongly BglcB-irresolute),
if f=1(V) is B-open set in X for every aglc-set (resp. sgle-set, pgle-set, Bgle-set) V
of Y.

Definition 3.7. A function f : (X,7) — (Y,v) is said to be strongly argle8-
irresolute (resp. strongly srglef-irresolute, strongly prglcB-irresolute, strongly BrglcS-
irresolute), if f=1(V) is B-open set in X for every argle-set (resp. srglc-set, prgle-set,
prgle-set) V of Y.

Definition 3.8. A function f : (X,7) — (Y, v) is said to be aflc-irresolute (resp.
sBlc-irresolute, pBlc-irresolute, Blc-irresolute [17]), if f=1(V) is Blc-set in X for every
alc-set (resp. sle-set, ple-set, Slc-set) V of Y.

Definition 3.9. A function f: (X,7) — (Y, v) is said to be agBlc-irresolute (resp.
sgfBle-irresolute, pgBlc-irresolute, BgBlc-irresolute), if f~1(V) is Ble-set in X for every
agle-set (resp. sgle-set, pgle-set, Sgle-set) V of Y.

Definition 3.10. A function f : (X,7) — (Y, v) is said to be argBlc-irresolute (resp.
srgBle-irresolute, prgBlc-irresolute, BrgBlc-irresolute), if f=1(V) is Ble-set in X for
every arglc-set (resp. srgle-set, prgle-set, Srgle-set) V of Y.

From the definitions, we have the following relationships:

semi a-irresoluteness — semi alc-continuity

3 3
strong alcS-irresoluteness — sflc-irresoluteness
Figure 1

However, the converses of the above implications are not true in general by the
following examples.
4
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Example 3.11. Let X = {a, b, ¢} and let a function f : (X,7) — (Y,v) be the
identity. If 7 = {X , ¢, {a}} and v = {X, ¢, {b,c}} are two topologies on X, then
f is semi alc-continuity and sflc-irresolute but it is not strongly alcS-irresolute and
Semi a-irresolute.

Example 3.12. Let X = {a, b, ¢} and let a function f : (X,7) — (Y,v) be the
identity. If 7 = {X, ¢, {a}, {b, ¢c}} and v = {X, ¢, {a,b}} are two topologies on X,
then f is strongly alcfS-irresolute and sflc-irresolute but it is not semi alc-continuity
Semi a-irresolute.

Theorem 3.13. Let X be a topological space and let (Yx)n € A be a family of
topological spaces. If a function f: X — IlxepY) is strongly alcS-irresolute (resp.
strongly slcB-irresolute, strongly plcS-irresolute, strongly BlcB-irresolute, strongly
aglceB-irresolute, strongly sglcB-irresolute, strongly pglcS-irresolute, strongly BglcS-
irresolute, strongly arglcS-irresolute, strongly srglcf-irresolute, strongly prglcS-irresolute,
strongly BrgleB-irresolute), then Py o f : X — Y is strongly alcB-irresolute (resp.
strongly slcB-irresolute, strongly plcB-irresolute, strongly BlcB-irresolute, strongly
agleB-irresolute, strongly sglcB-irresolute, strongly pglcB-irresolute, strongly BglcS-
irresolute, strongly arglcB-irresolute, strongly srglcB-irresolute, strongly prglcS-irresolute,
strongly BrglcB-irresolute) for each AeA, where Py is the projection of IxeaYy onto

Y.

Proof. Suppose f is strongly alcS-irresolute and let V) be any alc-set of Y), for each
A € A. Since Py is continuous and open, it is alc-irresolute [17]. Then Py *(V}) is ale-
set in TIyeaYy. Since f is strongly alcf-irresolute, f~1(Py *(Va)) = (Pyo )~ (V3)
is an B-open set in X. Thus P, o f is strongly alcS-irresolute. Similarly, the other
assertions are proved. O

Theorem 3.14. If f : (X,7) — (Y,v) is strongly alcB-irresolute (resp. strongly
sleB-irresolute, strongly plcB-irresolute, strongly BlcB-irresolute, strongly agleS-irresolute,
strongly sglcB-irresolute, strongly pglcB-irresolute, strongly BglcB-irresolute, strongly
argleB-irresolute, strongly srglcS-irresolute, strongly prglcS-irresolute, strongly BrglcS-
irresolute) and A is a-open subsets of X, then the restriction f/4 : A =Y is strongly
aleB-irresolute (resp. strongly slcS-irresolute, strongly pleS-irresolute, strongly BlcS-
irresolute, strongly aglcB-irresolute, strongly sglcB-irresolute, strongly pglcB-irresolute,
strongly BglcB-irresolute, strongly arglcB-irresolute, strongly srglcS-irresolute, strongly
prgleB-irresolute, strongly BrglcS-irresolute).

Proof. Suppose f is strongly alcS-irresolute and let V be any alc-set of Y for each
A € A. Since f is strongly alcB-irresolute, f~1(V) is a B-open in X. Since A is
a-open in X, (f/a)"Y(V)=An f~1(V) is a B-open in A by Lemma 2.2 (4) in [17].
Then f/4 is strongly alcS-irresolute. The other assertions are similarly proved. O

Theorem 3.15. Let f : X — Y be a function and g : Y — Z be strongly alcB-
irresolute (resp. strongly slcB-irresolute, strongly plcB-irresolute, strongly BlcB-
irresolute, strongly aglcB-irresolute, strongly sglcB-irresolute, strongly pglcS-irresolute,
strongly BglcB-irresolute, strongly arglcB-irresolute, strongly srglcS-irresolute, strongly
prgle-irresolute, strongly BrglcS-irresolute) function. If f is B-irresolute, then the
composition go f : X — Z is strongly alcB-irresolute (resp. strongly slcB-irresolute,

5
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strongly plcB-irresolute, strongly BlcB-irresolute, strongly aglcB-irresolute, strongly
sglcB-irresolute, strongly pglcB-irresolute, strongly [(glcB-irresolute, strongly arglces-
irresolute, strongly srglcB-irresolute, strongly prglcB-irresolute, strongly BrglcB-irresolute).

Proof. Let g be strongly alcg-irresolute. Suppose f is S-irresolute and let W be any
ale-set subset of Z. Since g is strongly alcS-irresolute g~ (W) is S-open in Y. Since
f is B-irresolute, (go )"t (W) = f~1(g~*(W)) is B-open in X. Then g o f strongly
alcp-irresolute. The other assertions are similarly proved. g

Theorem 3.16. Let f : X — Y be a function and g : Y — Z be alc-irresolute
(resp.  slc-irresolute, plc-irresolute, Blc-irresolute, aglc-irresolute, sglc-irresolute,
pglc-irresolute, Bglc-irresolute, arglc-irresolute, srglc-irresolute, prglc-irresolute, Srglc-
irresolute) function. If f is strongly alcS-irresolute (resp. strongly slcB-irresolute,
strongly plcB-irresolute, strongly BlcB-irresolute, strongly aglcB-irresolute, strongly
sgleB-irresolute, strongly pglcB-irresolute, strongly BglcB-irresolute, strongly arglc(-
irresolute, strongly srglcf-irresolute, strongly prglcf-irresolute, strongly BrglcB-irresolute),
then the composition go f : X — Z is strongly alcB-irresolute (resp. strongly slcB-
irresolute, strongly plcB-irresolute, strongly BlcB-irresolute, strongly aglcB-irresolute,
strongly sglcB-irresolute, strongly pglcB-irresolute, strongly BglcB-irresolute, strongly
argleB-irresolute, strongly srglcS-irresolute, strongly prglcS-irresolute, strongly BrglcS-
irresolute).

Proof. Let g be alc-irresolute. Suppose f is strongly alcB-irresolute and let W be
any alc-set subset of Z. Since g is alc-irresolute, g~ (W) is alc-set in Y. Since f is
strongly alcf-irresolute, (gof) L (W)=f"t(g~1(W)) is B-open in X. Then go f : X
— Z is strongly alcf-irresolute. The other assertions are similarly proved. O

Theorem 3.17. Let f : X — Y be a function and g : Y — Z be strongly alc-
irresolute (resp. Strongly slc-irresolute, strongly plc-irresolute, strongly Blc-irresolute,
strongly agle-irresolute, strongly sglc-irresolute, strongly pglc-irresolute, strongly 3 glc-
irresolute, strongly arglc-irresolute, strongly srqglc-irresolute, strongly prglc-irresolute,
strongly Brglc-irresolute) function. If f is a-precontinuous, then the composition
gof: X — Z is strongly alc-preirresolute (resp. strongly slc-preirresolute, strongly
ple-preirresolute, strongly Blc-preirresolute, strongly aglc-preirresolute, strongly sglc-
preirresolute, strongly pglc-preirresolute, strongly Bglc-preirresolute, strongly argle-
preirresolute, strongly srglc-preirresolute, strongly prglc-preirresolute, strongly Brglc-
preirresolute).

Proof. Let g be strongly alc-irresolute. Suppose f is a-precontinuous and let W be
any alc-set subset of Z. Since g is strongly alc-irresolute, g=1(W) is a-open in Y.
Since f is a-precontinuity, (go f)~1(W) = f~1(g~*(W)) is preopen in X. Then go f
strongly alc-preirresolute. The other assertions are similarly proved. O

Theorem 3.18. Let (X, 7) be a T 2-space and let f : (X,7) — (Y, v) be a function.
Then we have
(1) strongly aglef-irresolute <= strongly alcB-irresolute,
(2) strongly sglcB-irresolute <= strongly slcB-irresolute,
(3) strongly pgleB-irresolute <= strongly pleB-irresolute,
(4) strongly Bglef-irresolute <= strongly BlcB-irresolute.
6
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Proof. Tt is obvious from Theorem 2.8. O

Theorem 3.19. Let (X, 7) be a Ti/2-space and let f : (X,7) — (Y, v) be a function.
Then we have

(1) agBlec-irresolute <= aflc-irresolute,

(2) sgBle-irresolute <= sBlc-irresolute,

(3) pgBlc-irresolute <= pBlc-irresolute,

(4) BgBle-irresolute <= Blc-irresolute.

Proof. 1t is obvious from Theorem 2.8 0

Theorem 3.20. Let (X, 7) be a Tra-space and let f : (X,7) — (Y,v) be a function.
Then we have

(1) strongly argleS-irresolute < strongly aglcS-irresolute.

(2) strongly srglef-irresolute <= strongly sglcB-irresolute,

(3) strongly prglcB-irresolute <= strongly pglcB-irresolute,

(4) strongly BrglcS-irresolute <> strongly BglcS-irresolute.

Proof. Tt is obvious from Theorem Theorem 2.9 O

Theorem 3.21. Let (X, 7) be a Tro-space and let f : (X,7) — (Y,v) be a function.
Then we have

(1) argBlc-irresolute < agBlc-irresolute,

(2) srgBlc-irresolute <= sgBlc-irresolute,

(3) prgBlc-irresolute <= pgBlc-irresolute,

(4) BrgBle-irresolute < [gPlc-irresolute.

Proof. 1t is obvious from Theorem Theorem 2.9 d

Corollary 3.22. Let (X, 7) be a Ti/2-space and Tra-space. Let f: (X, 7) = (Y,v)
be a function. Then we have

(1) strongly argleB-irresolute <= strongly agleB-irresolute <= strongly alcf3-
irresolute,

(2) strongly srglcB-irresolute
irresolute,

— < strongly slcf-
(3) strongly prglcB-irresolute <= strongly pglcB-irresolute <= strongly plcS-
<~ —

strongly sglcB-irresolute

irresolute,
(4) strongly BrgleS-irresolute
irresolute.

strongly BglcB-irresolute strongly Blcs-

Proof. Tt is obvious from Corollary 2.10. O

Corollary 3.23. Let (X,7) be a Ti/2-space and Tro-space. Let f:(X,7) = (Y,v)
be a function. Then we have

(1) argBle-irresolute <= agBlc-irresolute <= afBlc-irresolute,

(2) srgBlc-irresolute <= sgBlc-irresolute <= spBlc-irresolute,

(3) prgBlc-irresolute <= pgBlc-irresolute <= pBlc-irresolute,

(4) BrgBlc-irresolute <> BgPlc-irresolute <= Plc-irresolute.

Proof. 1t is obvious from Corollary 2.10. O
7
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Theorem 3.24. Let (X, 7) be a submaximal and extremally disconnected space and
let f:(X,7) = (Y,v) be a function. Then we have

(1) strongly alcB-irresolute <= strongly slef-irresolute <= strongly plcf3-
irresolute <= strongly BlcB-irresolute,

(2) strongly agleB-irresolute <= strongly sglcS-irresolute <= strongly pglcs-
irresolute <= strongly BglcB-irresolute,

(3) strongly arglef-irresolute <=  strongly srglcB-irresolute <=  strongly
prglcB-irresolute <= strongly BrglcB-irresolute.

Proof. Tt is obvious from Theorem 2.15. O

Theorem 3.25. Let (X, 7) be a submaximal and extremally disconnected space and
let f:(X,7) = (Y,v) be a function. Then we have

(1) aBle-irresolute <= sBlc-irresolute <= pBlc-irresolute <= Blc-irresolute,

(2) agBlc-irresolute <= sgBlc-irresolute <= pgBlc-irresolute <= BgBlc-
irresolute,

(3) argBlc-irresolute <= srgflc-irresolute <= prgflc-irresolute <= BrgPlc-
irresolute.

Proof. Tt is obvious from Theorem 2.15. O

Theorem 3.26. For a function f: (X,7) = (Y,v) the following hold;

(1) fis semi a-irresolute if and only if strongly alcf-irresolute and semi alc-
continuous,

(2) f is strongly semi [-irresolute if and only if strongly alcS-irresolute and
strongly alc- irresolute,

(3) fis irresolute if and only if strongly alcB-irresolute and strongly ale- irresolute.

Proof. 1t is obvious from Theorem 2.15. O
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